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Abstract. In this article we further the study of noncommutativc numerical 
motives, initiated in [29, 30]. By exploring the change-of-coefneients mecha- 
nism, we start by improving some of the main results of [29]. Then, making 
use of the notion of Schur-finitcness, we prove that the category NNum(fc)^ 
of noncommutative numerical motives is (neutral) super- Tannakian. As in 
the commutative world, NNum(i;)p is not Tannakian. In order to solve this 
problem we promote periodic cyclic homology to a well-defined symmetric 
monoidal functor HP* on the category of noncommutative Chow motives. 
This allows us to introduce the correct noncommutative analogues Cjvc an d 
Dnc of Grothcndieck's standard conjectures C and D. Assuming Cjvc> we 
prove that NNum(fc)p can be made into a Tannakian category NNum^(fc)^ by 
modifying its symmetry isomorphism constraints. By further assuming /Jjvd 
we neutralize the Tannakian category Numt(fc)^ using HP*. Via the (super- 
)Tannakian formalism, we then obtain well-defined noncommutative motivic 
(super-) Galois groups. Finally, making use of Dclignc-Milne's theory of Tate 
triples, we construct explicit homomorphisms relating these new noncommu- 
tative motivic (super-)Galois groups with the classical ones. 
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1. Introduction 

Noncommutative motives. Over the past two decades Bondal, Drinfcld, Kalcdin, 
Kapranov, Kontsevich, Orlov, Van den Bergh, and others, have been promoting a 
broad noncommutative (algebraic) geometry program where "geometry" is per- 
formed directly on dg categories; consult [5, 6, 7, 14, 15, 19, 23, 24, 25, 26]. In this 
vein, Kontsevich introduced the category NChow(/c) p of noncommutative Chow 
motives (over a base commutative ring k and with coefficients in a field F); see 
§3.1. Recently, making use of Hochschild homology, the authors introduced the 
category NNum(fc)j? of noncommutative numerical motives; see §3.2. Under mild 
assumptions on k and F (sec Theorem 4.6) the category NNum(fc) p is abclian 
semi-simple. The precise relation between NC1iow(A;)q, NNum(fc)Q, and the clas- 
sical categories of Chow and numerical motives (with rational coefficients) can be 
depicted as follows 
(1.1) 

Chow(fc)Q 




-I 



Num(fc) Q Chow(fc)Q/_ Q (1 ) ■ ^ NChow(fc)dj 



-I 




Num(fc) Q /_ (8 Q( 1 ) s- NNum(fc) Q 

Here, NChow(fc)Q/_ ( g ) Q( 1 ) and Num(/c)Q/_ ( ^Q( 1 ) are the orbit categories associated 
to the auto-equivalence — <8>Q(1) (see Appendix B) and R and Rj^f are fully- faithful 
functors; consult [29] (or the survey [34]) for further details. 



Motivating questions. In the commutative world, the category Num(fc) p of nu- 
merical motives is known to be not only abelian semi-simple but also (neutral) 
super- Tannakian. Moreover, assuming the standard conjecture C (or even the sign 
conjecture C + ), Num(fc)f can be made into a Tannakian category Num^(/c)j? by 
modifying its symmetry isomorphism constraints; see Jannsen [18]. By further as- 
suming the standard conjecture D, the classical Weil cohomologics can be used to 
neutralize the Tannakian category Num^(fc)_p; see [2, §6]. As explained in Appen- 
dix A, the (super-)Tannakian formalism provides us then with well-defined motivic 
(super-)Galois groups sGal(Num(fc)^) and Gal(Num' (k)p ) encoding deep arith- 
metic/geometric properties of smooth projective fc-schemes. This circle of results 
and conjectures in the commutative world leads us naturally to the following ques- 
tions in the noncommutative world: 

Question I: Is the category NNum(fc)j? (neutral) super- Tannakian ? 

Question II: Does the standard conjecture C (or the sign conjecture C + ) admits 
a noncommutative analogue Cnc ? Does Cnc allows us to make NNum(fc)f into 
a Tannakian category NNum^(fc)p ? 

Question III: Does the standard conjecture D admits a noncommutative ana- 
logue Dpfc ? Does Dnc allows us to neutralize NNum'(i:)j? ? 

Question IV: Assuming that Questions I, II and III have affirmative answers, 
how do the noncommutative motivic (super-) Galois groups hence obtained relate 
with sGal(Num(fc) F ) and Gal(Num^(fc)i?) ? 
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Statement of results. By exploring the change-of-coefficients mechanism we start 
by improving the main results of [29] concerning the semi-simplicity of the category 
NNum(fc)f and the relation between the commutative and the noncommutativc 
world; see Proposition 4.4 and Theorem 4.6. Then, making use of the notion of 
Schur-finiteness (see §5), we answer affirmatively Question I. 

Theorem 1.2. Assume that F is a field of characteristic zero and that k and F 
are as in Theorem 4.6. Then, the category NNum(fc)j? is super- Tannakian. If F is 
moreover algebraically closed, then NNum(fc)^ is neutral super- Tannakian. 

Theorem 1.2 (with F algebraically closed) combined with the super- Tannakian 
formalism gives rise to a super-Galois group scheme sGal(NNum(fc)F), which we will 
call the noncommutative motivic super-Galois group. Among other consequences, 
NNum(fc)j? is (^-equivalent to the category of finite dimensional F- valued super- 
representations of sGal(NNum(fc)i?)- 

The category NNum(fc)F is not Tannakian since the rank of each one of its 
objects is not necessarily a non-negative integer. In order to solve this problem, we 
start by promoting periodic cyclic homology to a well-defined symmetric monoidal 
functor HP* on the category of noncommutativc Chow motives; see Theorem 7.2. 
Then, given a smooth and proper dg category A in the sense of Kontsevich (see 
§2.1), we formulate the following conjecture: 

Noncommutative standard conjecture Cnc{A): The Kunneth projectors 

n± -. TTK(A) -» TTE ± {A) TTK(A) 

are algebraic, i.e. they can be written as 7r^ = HP*(ir^), with ir^ noncommutative 
correspondences. 

As in the commutative world, the noncommutative standard conjecture Cnc 
is stable under tensor products, i.e. CV C (_4) + Cnc{&) C^ci-A ®k ^); see 
Proposition 8.2. Its relation with the sign conjecture C + (see §8) is the following: 
given a quasi-compact and quasi-separated /c-scheme Z , it is well-known that the 
derived category T> per f(Z) of perfect complexes of O^-modules admits a natural dg 
enhancement T>^ rf (Z); consult Lunts-Orlov [28] (or [10, Example 4.5]). When Z 
is moreover smooth and proper, the dg category T>^ rf (Z) is smooth and proper in 
the sense of Kontsevich. 

Theorem 1.3. Let k and F be fields of characteristic zero with k a field extension 
ofF. Then, C+(Z) => C NC (Vf^(Z)). 

Intuitively speaking, Theorem 1.3 shows us that when restricted to the com- 
mutative world, the noncommutativc standard conjecture Cmc is more likely to 
hold than the sign conjecture C + (and therefore than the standard conjecture C). 
Hence, it answers affirmatively to the first part of Question II. Our answer to the 
second part is the following: 

Theorem 1.4. Assume that k is a field of characteristic zero, and that F is a field 
extension of k or vice-versa. Then, if the noncommutative standard conjecture Cjvc 
holds, the category NNum(fc) p can be made into a Tannakian category NNum^ (k) p 
by modifying its symmetry isomorphism constraints. 

In order to answer Question III, we start by observing that the F-lincarizcd 
Grothendieck group K (A) p of every smooth and proper dg category A is endowed 
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with two well-defined equivalence relations: one associated to periodic cyclic homol- 
ogy (~hom) and another one associated to numerical equivalence (~nuro)i consult 
§10 for details. This motivates the following conjecture: 

Noncommutative standard conjecture Djyc(A): The following equality holds 

Its relation with the standard conjecture D (see §10) is the following. 

Theorem 1.5. Let k and F be fields of characteristic zero with k a field extension 
ofF. Then, D(Z) => D NC (V^{Z)). 

Similarly to Theorem 1.3, Theorem 1.5 shows us that when restricted to the 
commutative world, the noncommutative standard conjecture Dmc is more likely 
to hold than the standard conjecture D. Hence, it answers affirmatively to the first 
part of Question III. Our answer to the second part is the following: 

Theorem 1.6. Let k be a field of characteristic zero and F a field extension ofk. 
If the noncommutative standard conjectures Cnc and Dnc hold, then NNum^(/c)_F 
is neutral Tannakian category. Moreover, an explicit fiber functor neutralizing 
is given by periodic cyclic homology. 

Theorem 1.6 combined with the Tannakian formalism gives rise to a Galois 
group scheme Gal(NNum' (k)p), which we will call the noncommutative motivic 
Galois group. Since by Theorem 4.6 the category NNum^(fc) is not only abelian 
but moreover semi-simple, the Galois group Gal(NNum^(fc)i?) is pro-reductive, i.e. 
its unipotent radical is trivial; see [2, §2.3.2]. Similarly to the super- Tannakian 
case, the category NNum'(fc)f is <g)-equivalcnt to the category of finite dimensional 
F-valued representations of Gal(NNum^(fc)i?). 

Finally, making use of all the above results as well as of the Deligne-Milne's 
theory of Tate triples, we answer Question IV as follows: 

Theorem 1.7. Let k be a field of characteristic zero. If the standard conjectures 
C and D as well as the noncommutative standard conjectures Cnc and D^c hold, 
then there exist well-defined surjective group homomorphisms 

(1.8) sGal(NNum(fc) fe ) -» Kcr(t : sGal(Num(fc) fc ) -» G m ) 

(1.9) Ga^NNum^fc)/,-) -» Kcr(t : Gal(Num t (fc) fc ) -» G m ) . 

Here, G m denotes the multiplicative group, t is induced by the inclusion of the 
category of Tate motives, and the (super-) Galois groups are computed with respect 
to periodic cyclic homology and de Rham cohomology. 

Theorem 1.7 was sketched by Kontsevich in [23]. Intuitively speaking, it shows 
us that the (gi-symmetries of the commutative world which can be lifted to the 
noncommutative world are precisely those that become trivial when restricted to 
Tate motives. The difficulty of replacing k by a more general field of coefficients F 
relies on the lack of an appropriate "noncommutative etale/Betti cohomology". 

In Appendix A we collect the main results of the (super-)Tannakian formalism 
and in Appendix B (which is of independent interest) we recall the notion of orbit 
category and describe its behavior with respect to four distinct operations. 

Acknowledgments: The authors are very grateful Eric Fricdlandcr, Dmitry Kaledin 
and Yuri Manin for useful discussions. 
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Conventions: Throughout the article, we will reserve the letter fc for the base 
commutative ring and the letter F for the field of coefficients. The pseudo-abelian 
envelope construction will be denoted by (—p. 

2. Differential graded categories 

In this section we collect the notions and results concerning dg categories which 
are used throughout the article. For further details we invite the reader to consult 
Keller's ICM address [21]. Let C(fc) the category of (unbounded) cochain complexes 
of fc-modules. A differential graded (=dg) category A is a category enriched over 
C(k). Concretely, the morphisms sets A{x,y) are complexes of fc-modules and the 
composition operation fulfills the Leibniz rule: d(fog) = d(/)°<7+(— l) dcs ^' > fod(g). 
A dg functor is a functor which preserves the differential graded structure. The 
category of small dg categories will be denoted by dgcat(fc). 

Let A be a (fixed) dg category. Its opposite dg category A op has the same objects 
and complexes of morphisms given by A° p {x, y) := A(y, x). A right dg A-module (or 
simply an .A-modulc) is a dg functor A° p — > Cdg(fc) with values in the dg category 
of complexes of fc-modules. We will denote by C(A) the category of ,4-modules 
and by T>(A) the derived category of A, i.e. the localization of C{A) with respect to 
the class of quasi-isomorphisms; consult [21, §3] for details. The full triangulated 
subcategory of T>(A) formed by its compact objects [33, Def. 4.2.7] will be denoted 
by V C (A). 

As proved in [36, Thm. 5.3], the category dgcat(fc) carries a Quillen model struc- 
ture whose weak equivalence are the derived Morita equivalences, i.e. the dg func- 
tors A — > B which induce an equivalence T>(A) T>(B) on the associated derived 
categories. The homotopy category hence obtained will be denoted by Hmo(fc). 

The tensor product of fc-algebras extends naturally to dg categories, giving rise to 
a symmetric monoidal structure — ®k — on dgcat(fc). The <8>-unit is the dg category 
fc with one object and with fc as the dg algebra of endomorphisms (concentrated 
in degree zero). As explained in [21, §4.3], the tensor product of dg categories can 
be naturally derived — ® L — giving thus rise to a symmetric monoidal structure on 
Hmo(fc). 

Let A and B be two dg categories. A A-B -bimodule is a dg functor A ®\ B° p — > 
Cdg(fc), or in other words a (_4° p (g)|:£>)-module. Let rep(.4, B) be the full triangulated 
subcategory of V(A° P ®\B) spanned by the (cofibrant) „4-$-bimodulcs X such that 
for every object x € A the associated B- module X(x,—) belongs to V C {B). 

2.1. Smooth and proper dg categories. Following Kontsevich [23, 24], a dg 
category A is called smooth if the ,4-.A-bimodulc 

A(- -):A2% A op C dg (fc) (x, y) ^ A(x, y) 

belongs to V C (A° P ®\A). It is called proper if for each ordered pair of objects (x, y), 
the complex A(x, y) of fc-modules belongs to V c (k). As proved in [10, Thm. 4.8], the 
smooth and proper dg categories can be conceptually characterized as being pre- 
cisely the dualizablc (or rigid) objects of the symmetric monoidal category Hmo(fc). 

3. NONCOMMUTATIVE PURE MOTIVES 

In this section we recall the construction of the categories of noncommutative 
Chow and numerical motives. 
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3.1. Noncommutative Chow motives. The rigid symmetric monoidal category 
NChow(fc)i? of noncommutative Chow motives (over a base ring k and with coeffi- 
cients in a field F) was proposed by Kontsevich in [23] and developed in full detail 
in [35, 36]. It is defined as the pseudo-abelian envelope of the category: 

(i) whose objects are the smooth and proper dg categories; 

(ii) whose morphisms from A to B are given by the _F-lincarizcd Grothendicck 
group K (A°o ®\B) F - 

(iii) whose composition law is induced by the (derived) tensor product of bi- 
modules. 

Its symmetric monoidal structure is induced by the (derived) tensor product of dg 
categories. In analogy with the commutative world, the morphisms of NChow(fc)i? 
will be called noncommutative correspondences. By definition a noncommutative 
Chow motive consists then of a pair (A, e) , where A a smooth and proper dg cate- 
gory and e an idempotent of the F-algebra K (A° P (g)^ A)f- When e = [A(—, —)], 
we will simply write A instead of (A, [A{— , —)])■ 

3.2. Noncommutative numerical motives. The rigid symmetric monoidal cat- 
egory NNum(fc)i? of noncommutative numerical motives (over a base ring k and 
with coefficients in a field F) was constructed 1 by the authors in [29]. Let (A,e) 
and (B, e') be two noncommutative Chow motives and X = (e o a^Xj] o e') and 
Y_ = (e! o [J^j bjYj) o e) two noncommutative correspondences. Recall that Xi is 
a „4-£?-bimodule, that Yj is a ,B-„4-bimodule, and that the sums are indexed by a 
finite set. The intersection number (X_ ■ Y_ ) of X_ with Y_ is given by the following 
formula 

a t ■ bj ■ [HH(A; X t ®\ Yj)] G K (k) F , 

i,j 

where [HH(A; Xi ®g Yj)] denotes the class in Ko(k)F of the Hochschild homology 
complex of A with coefficients in the ^l-^l-bimodule Xi ®g Yj . A noncommutative 
correspondence X_ is called numerically equivalent to zero if for every noncommu- 
tative correspondence Y_ the intersection number {X_ ■ Y_) is zero. As proved in [29, 
Thm. 1.5], the noncommutative correspondences which are numerically equivalent 
to zero form a ®-ideal AT of the category NChow(fc)i7-. Moreover, Af is the largest 
(2D-ideal of NChow(fc)p (distinct from the entire category). The category of non- 
commutative numerical motives NNum(fc) p is then by definition the pseudo-abelian 
envelope of the quotient category NChow(fc)jr/A^. 

4. Change of coefficients 

In this section, we explore the change-of-coefficients mechanism. This will allows 
us to improve the main results of [29] concerning the semi-simplicity of the category 
NNum(fc)f and the relation between the commutative and the noncommutative 
world; see Proposition 4.4 and Theorem 4.6. In what follows, F will be a field, K 
a field extension of F, and (C, ®, 1) a -F-linear, additive, rigid symmetric monoidal 
category such that Ende(l) — F. This data allows us to consider a new category 
C ®f K. It has the same objects as C and morphisms given by 

Bomc9*K(X, Y) := Hom c (X, Y) ® F K . 

^Kontsevich had previously introduced a category NC n um(fc)F of noncommutative numerical 
motives; see [23]. However, the authors have recently proved that NC nU m(A:)i? and NNum(fc)f 
are in fact (g)-equivalent; see [30]. 
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By construction, it is i^-linear, additive, rigid symmetric monoidal, and such that 
Endc® F if(l) — F ®f K ~ K. Moreover, it comes equipped with a canonical 
F- linear symmetric monoidal functor C —> C (S>f K. 

Quotient categories. Recall from [3, Lemma 7.1.1] that the formula 

M C {X, Y) := {/ e Hom c (A, Y) \ Vg 6 Hom c (r, A), tr(g o /) = 0} 

defines a ®-idcal Afc of C, where tr stands for the categorical trace. Moreover, 
Mc can be characterized as the largest £g>-ideal of C (distinct from the entire cate- 
gory); see [3, Prop. 7.1.4]. As proved in [9, Prop. 1.4.1], the changc-of-cocfficients 
mechanism is well-behaved with respect to this <g)-ideal, i.e. the canonical functor 

(4.1) {C/Mc) ®f K (C ® F K)/M mF K 

is an additive (^-equivalence of categories. 

Motives versus noncommutative motives. As explained in §3.1, the category 
NChow(fc) f of noncommutative Chow motives is -F-linear, additive, and rigid sym- 
metric monoidal. When k is furthermore local (or more generally when Ko(k) = Z), 
we have 

End NChow(fe)F (fc) ~ K (k op ®lk) F * K (k) F 
By construction we then observe that the canonical functor 



F . 



(4.2) 



(NChow(/fc) F ® F Kf NChow(fc) 



K 



is an additive (^-equivalence of categories. By combining (4.1) with (4.2), we then 
obtain the following additive (^-equivalence of categories 



(4.3) 



(NNum(/fc) F <Ei F NNum(fc)if 



Proposition 4.4. Let k and F be fields with F of characteristic zero. Then, 
by applying the change- of- coefficients construction — (X>q F to (1.1) we obtain the 
following diagram of F -linear, additive, symmetric monoidal functors 
(4.5) 

Chow(fc) p 

A 

Chow(fc) F /-®Q(i) ■ ^NChow(fc) F 



Num(fc) F 

'I 

Num(fc) F /_<g,Q(i) 



NNum(fc)j 



where the functors r are faithful and the functors R and Rpj fully-faithful. 
Proof. As explained in [2, §4.2.2] we have (^-equivalences 

(Chow(fc) Q ® Q Ff Chow(fc) F (Num(fc) Q ® Q Ff -A- Num(fc) F . 
By combining Lemmas B.2 and B.3 we obtain induced fully- faithful functors 

(Chow(fc) Q ®q Ff — ► (Chow(fc) Q ®q F)V-®Q(i) — > ((Chow(fc)Q/-®o(i)) ® Q F ^ 

(Num(fc) Q ® Q Ff — > (Num(fc)(Q, ® Q F)V-®Q(i) — > ((Num(fc)a/-®0(1)) ® Q Ff . 
Hence, the proof follows from the above (^-equivalences (4.2) and (4.3). □ 
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Semi-simplicity. In this subsection we switch the role of F and K, i.e. we assume 
that F is a field extension of K. 

Theorem 4.6. Assume one of the following two conditions: 

(i) The base ring k is local (or more generally we have Ko(k) =1) and F is 
a k-algebra; a large class of examples is given by taking k — Z and F an 
arbitrary field. 

(ii) The base ring k and the field F are two field extensions of a (non-trivial) 
field K ; a large classe of examples is given by taking K = F = Q and k a 
field of characteristic zero, or K — Q, F = Q, and k a field of characteristic 
zero. 

Then, the category NNum(fc)i? is abelian semi-simple. Moreover, if J is a (g- 
ideal in NChow(fc)p for which the pseudo- abelian envelope of the quotient category 
NChow(A;)i?/j7' is abelian semi-simple, then J agrees with M . 

Remark 4.7. Theorem 4.6 extends the original semi-simplicity result [29, Thm. 1.9]. 
The latter is obtained from the former by taking K = F. 

Proof. Condition (i) is the same as the one of [29, Thm. 1.9]. Hence, let us assume 
condition (ii). Since k is a field extension of K we conclude by [29, Thm. 1.9] that 
the category NNum(fc)x is abelian semi-simple. By hypothesis, F is also a field 
extension of K and so by (4.3) (with F and K switched) we obtain an equivalence 
of categories 

(NNum(fc) K ® K Ff NNum(fc) jF . 
In order to prove that NNum(fc)j? is abelian semi-simple it suffices then to show 
that for every object N G NNum(/c)i^ ®k F, the F-algebra EndNNum(fc)jr ®kf{N) 
of endomorphisms is finite dimensional and semi-simple; see [18, Lemma 2]. Note 
that we have a natural isomorphism 

(4.8) End NNum(fc)K(8lK F (N) ~ End NNum(A;)jf (N) ® K F . 

The category NNum(fc)x is abelian semi-simple and so the if-algebra of endomor- 
phisms EndNNum(fc)jf O^O i s finite dimensional and its Jacobson radical is trivial. 
By (4.8), we then conclude that the F-algebra End NNum ( fc ) K(8jcF (7V) is also finite 
dimensional. Moreover, since the Jacobson radical of EndNN um (j.) JC( g A ,^(iV) is ob- 
tained from the one of EndNN Um (jfc) K {N) by base change we conclude that it is also 
trivial; see [3, Prop. 4.1.1]. This implies that the F-algebra EndNNum(fe) /f ® lr F(-^') 
is semi-simple and so the category NNum(fc)j? is abelian semi-simple. The second 
claim of the theorem, concerning the <S>-ideal J , follows from [3, Prop. 7.1.4 c)]. □ 

5. SCHUR-FINITENESS 

In what follows, F will be a field of characteristic zero. Let (C,<£>, 1) be a F- 
linear, idempotent complete, symmetric monoidal category. As explained in [ I , 
§3.1], given an object X G C and an integer n > 1, the symmetric group S n acts on 
X® n by permutation of its factors. The isomorphism classes V\ of the irreducible 
Q- linear representations of S n are in canonical bijection with the partitions A of n. 
As a consequence, the group ring Q[S„] can be written as Y[\ \\\ =n EndqjVA- Let 
c\ be the idempotent of Q[SVi] defining the representation V\. The Schur functor 
S\ is then defined by the following formula 

S X :C^C X^S X (X) :=c A (X®"). 



NONCOMMUTATIVE MOTIVES, TANNAKIAN STRUCTURES, AND GALOIS GROUPS 9 

Note that for A = (n) the Schur functor SV n ) is the symmetric power functor, while 
for A = (1, . . . , 1) the Schur functor Sn !) is the exterior power functor. An object 
X G C is called Schur-finite if there exists an integer n > 1 and a partition A of n 
such that X is annihilated by the Schur functor of A, i.e. S\(X) = 0. The category 
C is called Schur-finite if all its objects are Schur-finite. 

Lemma 5.1. Let L : C\ — > C-2 be a F-linear symmetric monoidal functor. 

(i) If X £ C\ is Schur-finite, then L(X) is Schur-finite. 

(ii) When L is moreover faithful, then the converse holds. In other words, if 
L{X) is Schur-finite, then X is Schur-finite. 

The proof of Lemma 5.1 is an easy exercise that we leave for the reader. 

6. Super- Tannakian structure 

In this section we prove Theorem 1.2. 

Proposition 6.1. Let k and F be as in Theorem 4-6 with F of characteristic zero. 
Then, the category NNum(fc)f is Schur-finite. 

Proof. Note first that by construction the category NNum(/c) F is F-lincar, idempo- 
tent complete, and symmetric monoidal. Let us assume first that k and F satisfy 
condition (i) of Theorem 4.6. Then, as explained in the proof of [29, Thm. 1.9], 
Hochschild homology (HH) gives rise to a F-lincar symmetric monoidal functor 

(6.2) TTtl : NChow(fc) F — > V C {F) . 

Let us denote by Ker(iJiJ) the associated kernel. Since this is a <8>-ideal of NChow(fc) F 
the induced functor 

(NChow(fc) F /Ker(ITff))^ — > V C {F) 

is not only F-lincar and faithful but moreover symmetric monoidal. Note that the 
category T> C (F) can be naturally identified with the category of those Z-graded 
F-vector spaces {V n } n ez such that dim(©„V^) < oo. As a consequence, T> C {F) 
is Schur-finite. By Lemma 5.1(h) we then conclude that (NChow(fc) F /Ker(iFff))' 1 
is Schur-finite. Now, recall from §3.2 that the ideal M is the largest <g>-ideal of 
NChow(fc) F (distinct from the entire category). The inclusion Kcr(HH) C TV of 
®-idcals gives then rise to a -F-linear symmetric monoidal functor 

(6.3) (NChow(fc) F /Ker(777r)^ — > (NChow(fc) F /A/") h =: NNum(fc) F . 

By combining Lemma 5.1 (i) with the fact that the category (NChow(fc) F /Ker(iJi/))^ 
is Schur-finite, we then conclude that all noncommutative numerical motives in the 
image of the functor (6.3) are Schur-finite. Finally, since every noncommutative nu- 
merical motive is a direct factor of one of these and Schur-finiteness is clearly stable 
under direct factors, we then conclude that the category NNum(fc) F is Schur-finite. 

Let us now assume that k and F satisfy condition (ii) of Theorem 4.6. If K = F, 
then k is a field extension of F and so the proof is similar to the one above: the 
functor (6.2) take values not in T> C (F) but in T> c (k), but since V c (k) is also Schur- 
finite the same reasoning applies. Now, let us assume that k and F are two field 
extension of a (non-trivial) field K. Note that since F is of characteristic zero, 
K is also of characteristic zero. In this case, A: is a field extension of K, and so 
the preceding arguments shows us that NNum(fc)^ is Schur-finite. As explained 
in §4 we have a canonical i^-linear symmetric monoidal functor NNum(fc) F — > 
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NNum(fc)jf ®kF. By construction the categories NNum(fc)if and NNmn(k)K (S>k F 
have the same objects and so Lemma 5.1(i), combined with the fact that Schur- 
finiteness is stable under direct factors, implies that (Num(fe)x ®k F)^ is also 
Schur-finite. Finally, the (^-equivalence (4.3) (with F and K switched) allows us to 
conclude that NNum(fc) p is Schur-finite. □ 

Proposition 6.1 implies a similar result in the commutative world. 

Corollary 6.4. Let k and F be a fields of characteristic zero. Then, the category 
Num(fc)^ is Schur-finite. 

Proof. Recall from diagram (4.5) the following composition of faithful, F-linear, 
additive, symmetric monoidal functors 

Num(fc)F — > Num(fc)F/-®Q(i) NNum(fc).F . 

Since k and F are of characteristic zero, they satisfy condition (ii) of Theorem 4.6 
(with K = Q). Then, Proposition 6.1 combined with Lemma 5.1(h) allows us to 
conclude that the category Num(fc) p is Schur-finite. □ 

Proof of Theorem 1.2. Note first that by construction the category NNum(fc)j? is 
i^-linear, additive, and rigid symmetric monoidal. Its ®-unit is the noncommutative 
Chow motive k. Since k and F are as in Theorem 4.6, the equality 

End NNum(fc ) F (k) ~ K (k) F ~ F 

holds. Moreover, due to Theorem 4.6 the category NNum(fc) p is also abelian (semi- 
simple). By Dclignc's intrinsic characterization (see Theorem A. 2) it suffices then 
to show that NNum(fc)f is Schur-finite. This is the content of Proposition 6.1 and 
so the proof is finished. 

7. Periodic cyclic homology 

In this section we prove that periodic cyclic homology (HP) gives rise to a 
well-defined symmetric monoidal functor on the category of noncommutative Chow 
motives; see Theorem 7.2. In what follows, k will be a field. 

Following Kassel [20, §1], a mixed complex (M, b, B) is a Z-gradcd k- vector space 
{M n }„£z endowed with a degree +1 endomorphism b and a degree —1 endomor- 
phism B satisfying the relations b 2 = B 2 = Bb + bB = 0. Equivalently, a mixed 
complex is a right dg module over the dg algebra A := k[e]/e 2 , where e is of degree 
— 1 and d(e) = 0. Recall from [10, Example 7.10] the construction of the mixed 
complex functor C : dgcat(fc) — > £>(A) with values in the derived category of A. 
As explained by Kassel in [20, page 210], there is a well-defined 2-perioditization 
functor sending a mixed complex (M, b, B) to the following Z/2-gradcd complex of 
k- vector spaces 

b+B 

n M n ~ - n m « 

neven b+B no dd 

This functor preserves weak equivalences and when combined with C gives rise to 
periodic cyclic homology 

(7.1) HP : dgcat(fc) P(A) — ► V z/2 (k) . 

Here, T>%/ 2 (k) stands for the derived category of Z/2-gradcd complexes. 
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Theorem 7.2. When F is a field extension of k, the functor (7.1) gives rise to a 
F '-linear symmetric monoidal functor 

(7.3) TTK : NChow(fc) F — > sVcct(F) 

with values in the category of finite dimensional super F -vector spaces. On the other 
hand, when k is a field extension of F, the functor (7.1) gives rise to a F-linear 
symmetric monoidal functor 

(7.4) 7TK : NChow(/fc) F — ► sVect(fc) 

with values in the category of finite dimensional super k-vector spaces. 

Proof. As explained in [10, Example 7.10], the mixed complex functor C is sym- 
metric monoidal. On the contrary, the 2-perioditization functor is not symmetric 
monoidal. This is due to the fact that it uses infinite products and these do not 
commute with the tensor product. Nevertheless, as explained in [20, page 210], the 
2-pcrioditization functor is lax symmetric monoidal. Note that since by hypothesis 
A: is a field, the category T>%/ 2 (k) is (g)-equivalent to the category SVect(fc) of super 
k- vector spaces. Hence, the functor (7.1) gives rise to a well-defined lax symmetric 
monoidal functor 

(7.5) HP* : dgcat(fc) A £>(A) — > T> z/2 (k) ~ SVcct(fc) . 

Now, recall from [36, §5] the construction of the additive category Hmoo(fc). Its 
objects are the small dg categories, its morphisms from A to B are given by the 
Grothendieck group K rep(A, B) of the triangulated category rep(A,B) (see §2), 
and its composition law is induced by the (derived) tensor product of bimodulcs. 
The (derived) tensor product of dg categories endows Hmoo(fc) with a symmetric 
monoidal structure. Moreover, there is a natural symmetric monoidal functor IA : 
dgcat(fc) — > Hmoo(fc) which can be characterized as the universal additive invariant; 
consult [34, 36] [21, §5.1] for details. The above functor (7.5) is an example of an 
additive invariant, i.e. it inverts derived Morita equivalences (see §2) and maps 
semi-orthogonal decompositions in the sense of Bondal-Orlov [8] into direct sums. 
Hence, by the universal property of IA, the additive invariant (7.5) gives rise to a 
well-defined lax symmetric monoidal functor 

(7.6) TTK ■ Hmoo(fc) — > SVect(fc) 

such that HP* oU = HP*. Now, let us denote by Hmo (fc) sp C Hmo (fc) the full 
subcategory of smooth and proper dg categories in the sense of Kontsevich; see §2.1. 
Given smooth and proper dg categories A and B, there is a natural equivalence of 
categories rep(A,B) ~ V c (A op (g>fc B). As a consequence, we have the following 
description of the Horn-sets 

Hom Hmoo(fe)S p(AB) := K rep(A,B) ~ A (.4 op ® fc B) . 

This allows us to conclude that the category NChow(/c) F can be obtained from 
Hmo (fc) sp by first tensoring each abelian group of morphisms with the field F and 
then passing to the associated pseudo-abelian envelope. Schematically, we have the 
following composition 

(7.7) Hmo (/s) sp HmooOfc) 8 / ^> NChow(fc) F . 
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By Proposition 7.9 (ii), the restriction of (7.6) to Hmoo(£;) sp gives then rise to a lax 
symmetric monoidal functor 

(7.8) TTK : Hmo (fc) sp — ► sVect(fc) . 

Moreover, conditions (i) and (ii) of Proposition 7.9 are precisely what Emmanouil 
named "property (II)" in [10, page 211]. As a consequence, [10, Thm. 4.2] implies 
that the functor (7.8) is in fact symmetric monoidal. 

We now have all the ingredients needed for the description of the functors (7.3) 
and (7.4). Let us assume first that F is a field extension of k. Then, we have 
an induced extension of scalars functor sVect(fc) — > sVect(F). This functor is 
symmetric monoidal and the category sVect(F) is clearly idempotent complete. 
Using the description of NChow^)^ given at diagram (7.7), we then conclude that 
the above functor (7.8) extends to NChow(fc)i?, thus giving rise to the F-linear 
symmetric monoidal functor (7.3). Now, let us assume that k is a field extension 
of F. In this case the category sVect(fc) is already F-linear. Hence, using the 
description of NChow(fc)j? given at diagram (7.7), we conclude that the above 
functor (7.8) gives rise to the induced F-linear symmetric monoidal functor (7.4). 
The proof is then finished. □ 

Proposition 7.9. Let A be a smooth and proper dg category. Then, the following 
two conditions hold: 

(i) The inverse system (HC(A)[—2m], S) m of cyclic homology k-vector spaces 
(see [27, §2. 2] ) satisfies the Mittag-Leffler condition; 

(ii) The periodic cyclic homology k-vector spaces HP n (A) are finite dimen- 
sional. 

Proof. Let us start by proving the following two conditions: 

(a) the Hochschild homology k- vector spaces HH n {A) vanish for \n\ ^> 0; 

(b) the Hochschild homology k- vector spaces HH n (A) are finite dimensional. 
Recall from [10, Example 7.9] that the functor H H : dgcat(fc) — > T>(k) is symmetric 
monoidal. Moreover, it inverts derived Morita equivalences and so it descends to 
the homotopy category Hmo(fc). As explained in §2.1, every smooth and proper 
dg category A is dualizable in the symmetric monoidal category Hmo(fc). As a 
consequence, HH(A) is a dualizable object in T>(k), i.e. it belongs to T> c {k). This 
implies that conditions (a) and (b) are verified. Now, condition (a) combined with 
Connes' periodicity exact sequence (see [27, Thm. 2.2.1]) 

(7.10) • • • A HH n (A) -A HC n (A) A HC n . 2 {A) A HH n -\{A) -A • • • , 

allows us to conclude that the map S is an isomorphism for |n| 3> 0. Hence, the 
inverse system 

• • ■ A HC n+2r (A) A HC n+2r - 2 (A) A •■• A HC n (A) 

satisfies the Mittag-Leffler condition, and so condition (i) is verified. As a conse- 
quence we obtain the following equality 

(7.11) HP n (A) = UmHC n+2r (A) . 

r 

Condition (b) and the long exact sequence (7.10) imply that HC m (A) is a finite 
dimensional fc-vector space for every m £ Z. This fact combined with equality 
(7.11) and with the fact that S is an isomorphism for \n\ ^> allows us then to 
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conclude that HP n (A) is a finite dimensional k- vector space. Condition (ii) is then 
verified and so the proof is finished. □ 

8. NONCOMMUTATIVE STANDARD CONJECTURE Cnc 

In this section we start by recalling the standard conjecture C and the sign 
conjecture C + . Then, we prove that the noncommutative standard conjecture Cnc 
is stable under tensor products (see Proposition 8.2) and finally Theorem 1.3. In 
what follows, Z will be a smooth projective /c-scheme over a field k of characteristic 
zero. 

Recall from [2, §3.4] that with respect to dc Rham cohomology, we have the 
following Kiinneth projectors 

n n z : H* dR (Z) -» H n dR {Z) H* dR (Z) < n < 2 dim(Z) . 

Standard conjecture C(Z) (see [2, §5.1.1.1]): The Kiinneth projectors are 
algebraic, i.e. they can be written as ir^ = H^ r {t^), with 7r^ algebraic correspon- 
dences. 

Sign conjecture C + (Z) (see [2, §5.1.3]): The Kiinneth projectors ix\ := 
Yl^—n (and hence tt^ := Yl^™ 7r 'z l ~ l ) are algebraic, i.e. they can be writ- 

ten as n^, = H2r(?^z)' w ith TLz algebraic correspondences. 

Remark 8.1. Clearly C{Z) C+{Z). Recall also from [2, §5.1.1.2] that C(Z) and 
C + (Z) could equivalently be formulated using any other classical Weil cohomology. 

Proposition 8.2. Let A and B be two smooth and proper dg categories; see §2.1. 
Then, the following implication holds 

(8.3) C NC (A) + C NC {B) => C NC (A <8> k B) . 

Proof. Recall from Theorem 7.2 that we have a well-defined i^-linear symmetric 
monoidal functor 

(8.4) UK : NChow(fc) F — > sVect(if) . 

The field K is equal to F when F is a field extension of k and is equal to k when k is 
a field extension of F. Let us denote by —(g)— the symmetric monoidal structure on 
sVecb(K). Then, we have the following equalities between the Kiinneth projectors 

*A® k B = «A®XB + *J&XB n A® k B = ^A®^B + ^A®^B ■ 

Since (8.4) is symmetric monoidal and by hypothesis we have noncommutative 
correspondences 7r^ and 7Tg such that 7T^ = HP*(ir^) and ir^ = HP^(jr^), we 
conclude that the noncommutative standard conjecture Cnc{A ®k B) also holds. 
As a consequence, the above implication (8.3) holds and so the proof is finished. □ 

Proof of Theorem 1.3. As explained in [2, §4.2.5], de Rham cohomology H dR 
(considered as a Weil cohomology) gives rise to a symmetric monoidal functor 

(8.5) H*^ : Chow(fc)F — ► GrVect(/c) 

with values in the category of finite dimensional Z-graded k- vector spaces. On the 
other hand, as explained in Theorem 7.2, periodic cyclic homology gives rise to a 
well-defined symmetric monoidal functor 

(8.6) TTpZ : Chow(fc) F — > sVcct(fc) . 
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Recall from diagram (4.5) the following sequence of functors 

(8.7) Chow(fc) F Chow(fc) F /_ (8Q( i ) A NChow(fc) F . 

By combining [35, Thm. 1.1] with the change-of-cocfficicnts mechanism we conclude 
that the image of Z under the above composition (8.7) identifies naturally with 
the noncommutative Chow motive T^^{Z). Now, recall from Keller [22] that 
TTK{V^{Z)) ~ HP4V d p g erf (Z)) agrees with the periodic cyclic homology HP*{Z) 
of the fc-scheme Z in the sense of Weibel [37] . Since k is a field of characteristic 
zero and Z is smooth, the Hochschild-Konstant-Rosenberg theorem [38] furnish us 
the following isomorphisms 

HP+(Z) ~ HUZ) HP-(Z) ~ H n dR {Z) ■ 

n even n odd 

These facts allows us to conclude that the composition of (8.6) with (8.7) is the 
following functor 

(8.8) sHj; : Chow(fc) F — > sVect(fc) Z ^ ( H^ R {Z), H n dR {Z) 

\n even n odd 

naturally associated to (8.5). As a consequence, the Kiinneth projectors of the 
sign conjecture C + (Z) agree with the Kiinneth projectors 7T^ dg of the noncom- 

mutative standard conjecture C nc (V p frf (^) ) • Now, if by hypothesis the sign conjec- 
ture C + (Z) holds, there exist algebraic correspondences -k_ z realizing the Kiinneth 
projectors n^. Hence, by taking for noncommutative correspondences 7r^ dg the 

image of 7r^ under the above functor (8.7) we conclude that the noncommutative 
standard conjecture Cnc^ 6 ^ (Z)) also holds. This achieves the proof. 

9. Tannakian structure 

In this section we prove Theorem 1.4. In what follows, k will be a field of 
characteristic zero. 

Proposition 9.1. Assume that F is a field extension of k or vice-versa and that 
the noncommutative standard conjecture Cnc{A) holds for a smooth and proper dg 
category A. Then, given any noncommutative Chow motive of shape (A,e) (see 
$3.1), the kernel of the induced surjective ring homomorphism 

End NChow(fc) F /Ker(77R:)((- 4 ' e )) "» Ell d N Chow(fc) F /N ( {A, e)) 

is a nilpotent ideal. 

Proof. Let us consider first the case where F is a field extension of k. By Theo- 
rem 7.2, we have a .F-linear symmetric monoidal functor 

(9.2) i?^:NChow(fc) F — ^sVcct(F). 

The associated kernel Kci(HP^) is a ®-ideal of NChow(fc) F and so we obtain an 
induced functor 



(9.3) 



NChow(fc) F /Kcr(i/P„) — > sVect(F) 
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which is not only F-linear and faithful but moreover symmetric monoidal. Recall 
from §3.2 that the ideal M is the largest (gj-ideal of NChow(/c) F (distinct from the 
entire category). Hence, the induced functor 

NChow(fc) F /Ker(i7P7) — > NChow(fc) F /A/' 

is not only P-linear and symmetric monoidal but moreover full and (essentially) 
surjective. Now, observe that if by hypothesis the noncommutative standard con- 
jecture Cmc{A) holds for a smooth and proper dg category A, then the Kiinneth 
projectors 

(9.4) nf A e) : HI\((A, e)) - HK ± ((A, e)) ^ HI\((A, e)) 

associated to a noncommutative Chow motive (A, e) are also algebraic. Sim- 
ply take for 7r^ a the noncommutative correspondence e o w A o e. Let X_ £ 
End NChow ( fc ) F ((A, e)) be a noncommutative correspondence. We need to show that 
if X becomes trivial in N Chow (k) F / 'N , then it is nilpotent in NChow(fc) F /Ker(.ffP*) 
As explained above, the Kiinneth projectors (9.4) can be written as 7r^ e ^ = 

HP *(z.f Ate) ), with 2Lpt, e ) e En d N chow(fc)j,((A e)). If by hypothesis X becomes triv- 
ial in NChow(fc) F /A/", then by definition of TV the intersection numbers (X-ir^ e s) € 
Ko(k)p ~ F vanish. Moreover, since Af is a ®-ideal, the intersection numbers 
(X n ■ ZLr^e)) vanish also for any integer n > 1, where X_ n stands for the n th - 
fold composition of A- As proved in [29, Corollary 4.4], the intersection numbers 
(X n ■ 7r^ a ) agree with the categorical trace of the noncommutative correspon- 
dences X n o e y Since the above functor (9.2) is symmetric monoidal we then 
conclude that the following traces 

tr(im(X n o 7rf Ae) )) = tx{HK{X) n o nf A e) ) = tr(TO ± C2Q n ) n > 1 

vanish. Recall that over a field of characteristic zero, a nilpotent linear map can be 
characterized by the fact that the trace of all its n th -fold compositions vanish. As 
a consequence, the P-linear transformations 

Tm ± (X):Tm({A 1 e))^TTK ± ((Ae)) HP ^P HK ± ((A 7 e))^HK((A,e)) 

are nilpotent and so HP^(X) is also nilpotent, Finally, since the functor (9.3) is 
faithful, we conclude that the noncommutative correspondence X becomes nilpo- 
tent in NChow(/c) F /Ker(i?P st ). This achieves the proof. 

The case where k is a field extension of F is similar. The only difference is that 
the functor (9.3) take values in sVect(/c) instead of sVect(P). Since by hypothesis 
k is a field of characteristic zero, the same reasoning applies and so the proof is 
finished. □ 

Proposition 9.5. Assume that F is a field extension of k or vice-versa, and that 
the noncommutative standard conjecture Cnc(A) holds for every smooth and proper 
dg category A. Then, the induced functor 

(9.6) (NChow(/c) F /Ker(irp)) h — >NNum(fc) F 

is full, conservative, and (essentially) surjective. 

Proof. Since we have an inclusion Kei(HP^) C J\f of <g>-ideals, the induced functor 
NChow(fc) F /Ker(IiP7) -» NChow(fc) F /A/" 
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is clearly full and (essentially) surjective. As explained in [17, Prop. 3.2], idempotent 
elements can always be lifted along surjective _F-linear homomorphisms with a 
nilpotent kernel. Hence, by Proposition 9.1, we conclude that the functor (9.6) 
is also full and (essentially) surjective. The fact that it is moreover conservative 
follows from [17, Lemma 3.1]. □ 

In order to simplify the proof of Theorem 1.4, we now introduce the following 
general result. 

Proposition 9.7. Let F be a field of characteristic zero, K a field extension of F, 
and two F -linear symmetric monoidal functors 

H :C — > sVect(if) P : C — > V , 

where sVect(A) denotes the category of finite dimensional super K -vector spaces. 
Assume that H is faithful, that P is (essentially) surjective, and that for every 
object N £ C, the Kiinneth projectors : H(N) -» H ± (N) ^4 H(N) can be 
written as ir^ = H(n^) with 7r^ £ Ende(A). Then, by modifying the symmetry 
isomorphism constraints of C andT>, we obtain new symmetric monoidal categories 
and and (composed) F -linear symmetric monoidal functors 

C f sVect(A) — > Vect(A) P : C f — >V\ 
where sVect(A) — > Vect(A) is the forgetful functor. 

Proof. By applying [3, Prop. 8.3.1] to the functor H we obtain the symmetric 
monoidal category and the A-linear symmetric monoidal (composed) functor 

-4 sVect(A) — > Vect(A). As explained in loc. cit., the new symmetry isomor- 
phism constraints are given by 

(9.8) c JVi,jv 2 := °N U N 2 o (e Nl <E)e N2 ), 

where is the endomorphism 2 • 7r^ — id n of N. Since by hypothesis the functor 
P is (essentially) surjective, we can then use the image of the endomorphisms ejy 
to modify the symmetry isomorphism constraints of T> as in the above formula 

(9.8) . We obtain in this way the symmetric monoidal category and the F-linear 
symmetric monoidal functor P : — > T>^ . □ 

Proof of Theorem 1.4. Note first that since by hypothesis k is of characteristic 
zero, the (non-trivial) field F is also of characteristic zero. As explained in (the 
proofs of) Propositions 9.1 and 9.5, we have F-linear symmetric monoidal functors 

(9.9) TTK ■ (NChow(fc) F /Kcr(i7i^))^ — > sVcct(A) 

(9.10) (NChow(A;) F /Ker(^a)) 1 " — > NNum(fc) F , 

with (9.9) faithful and (9.10) (essentially) surjective. The field K is equal to F 
when F is a field extension of k and equal to k when A: is a field extension of F. 
In both cases, A is a field extension of F. By hypothesis the noncommutative 
standard conjecture Cnc{A) holds for every smooth and proper dg category A, 
and so we can apply the above general Proposition 9.7 to the functors (9.9) and 
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(9.10) . We obtain then the following diagram 

TJ p 

(9.11) (NChow(fc) F /Kcr(iLP*))^ '-+■ sVect(X) Vect(K) 

I 

NNum* (k) F 

Now, recall that by construction the category NNum^(fc)j? is F- linear, additive, 
rigid symmetric monoidal, and such that the endomorphisms of its ®-unit is the 
field F. By Theorem 4.6 it is moreover abelian (semi-simple). Hence, in order 
to prove that it is Tannakian, we can make use of Deligne's intrinsic characteriza- 
tion; see Theorem A.l. Concretely, we need to show that the rank rk(iV) of ev- 
ery noncommutative numerical motive N G NNum^(fc)f is a non- negative integer. 
Since the vertical functor of diagram (9.11) is (essentially) surjective and restricts 
to an isomorphism between the endomorphisms of the corresponding (g>-units, we 
conclude that rk(JV) = rk(iV) for any lift N G (NGhow(k) F /Ker(HK)) M of N. 
Moreover, since the (composed) horizontal functor of diagram (9.11) is faithful, 
we have rk(iV) = rk(HP^(N)). Finally, since in the symmetric monoidal category 
Vect(-RT) the rank ik(HPZ(N)) can be written as dim(TTP^ + (N)) + dim(lTK~ (N)), 
we conclude that rk(iV) is a non-negative integer. This achieves the proof. 

10. Noncommutative homological motives 

In this section we start by recalling the standard conjecture D. Then, we prove 
Theorems 1.5 and 1.6 and along the way introduced the category of noncommutative 
homological motives. In what follows, Z will be a smooth projective fc-scheme over 
a field of characteristic zero. 

Recall from [2, §3.2] the definition of the F- vector spaces Z^ om {Z) p and Z* nm (Z) p 
of algebraic cycles (of arbitrary codimension), where the homological equivalence 
relation is taken with respect to dc Rham cohomology. 

Standard conjecture D{Z) (see [2, §5.4.1.1]): The following equality holds 

Zhom{ Z )F = 2* um (Z) F . 

Now, recall from Theorem 7.2 that periodic cyclic homology gives rise to a well- 
defined _F-lincar symmetric monoidal functor 

(10.1) TTK ■ NChow(fc) F — > sVcct(A') . 

The field K is equal to F when F is a field extension of k and equal to k when k 
is a field extension of F. Given a smooth and proper dg category A, we then have 
an induced i^-linear homomorphism 



Kq{A)f = Hom NChow(fe ) F 

The associated kernel gives rise to a well-defined equivalence relation on Kq(A)f 
that we denote by ~honv On the other hand, as explained in §3.2, the noncom- 
mutative correspondences which arc numerically equivalent to zero form a F-linear 
subspace of Kq{A)f = Hom NChow ( fc j F (k, A) and hence give rise to an equivalence 
relation on Kq(A)f that we will denote by ~ num . 
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Proof of Theorem 1.5. As explained in the proof of Theorem 1.3, the composition 

(10.2) Chow(fc) F -A Chow(fc)W-®Q(i) NChow(fc) F ^4 sVect(fc) 

agrees with the functor sH* lR (see (8.8)) associated to de Rham cohomology. Hence, 
its kernel Ker agrees with the kernel of the symmetric monoidal functor 

H*^ : Chow(fc) F — > GrVect(fc) . 

From (4.5) we then obtain the following commutative diagram 

Chow(k) F /Ker -X- (Chow(k) F /_ m(1) )/Ker(H~K o R) -X N Chow (k) F / Ker (WK) 

II I 

Num(fc) F - ^ Num(fc)F/-ig,Q(i) — >- NNum(fc) F , 

where Ker denotes the kernel of the composed functor (10.2). Now, by Lemma B.7 
(with C = Chow(fc) F , O = Q(l), and H = HP* o R), we observe that the functor 
'J admits the following factorization 

t n 

Chow(k) F /Ker — > (Chow(/c) F /^er)/_ (gl Q( 1 ) — > (Chow(fc) F /_ 0Q (i))/Ker(i?P*oi?) . 

As explained in the proof of Theorem 1.3, the image of Z under the composed 
functor $ o is naturally isomorphic to the dg category 2? p f rf (Z). Similarly, the 

image of the affine &;-scheme spec(fc) is naturally isomorphic to X>pf rf (spec(fc)) ~ k. 
We can then consider the following induced commutative square 

(Chow(k) F /Ker)/_ m{1) NChow{k) F /Ker(HR~) 



Num(fc) F /_ 8 Q (1 ) >- NNum(fc) F 

and the associated commutative diagram 
Hom ( chow(fc)WKer)/_ 8Q(1) (spee(fc), Z) ^-om^ Chow{k)F/KeT{lrK) (k, V^{Z)) 

Hom Num( i ;)F/ _ M(1) (spec(fc), Z) Hom NNum(fc)F (k, V^{Z)) . 

By combining the above arguments with the constructions of the categories Chow(/c) F , 
Num(fc) F , NChow(/c) F and NNum(A:) F , we then observe that the preceding com- 
mutative square identifies with 

(10-3) 2* om (Z) F K (V d p l f (Z)) F H lom 

Z* um {Z) F ^^K»{V%,{Z)) F /~ mm . 

Since the functor Rj^ is fully-faithful, the lower horizontal map is an isomorphism. 
Recall from Lemma B.7, that the functor f2 is full. Hence, since the induced functor 
$ is fully-faithful, the upper horizontal map in (10.3) is surjective. Now, suppose 
that the standard conjecture D{Z) holds, i.e. that the left vertical map of diagram 
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(10.3) is an isomorphism. The commutativity of the diagram combined with all 
the above facts implies that the right vertical map in (10.3) is injective. Since by 
construction it is already surjective, we conclude that it is an isomorphism. This is 
precisely the statement of the noncommutative standard conjecture Djvc(f pfrf (^)) 
and so the proof is finished. 

In analogy with the commutative world we introduce the category of noncom- 
mutative homological motives. 

Definition 10.4. Let k and F be fields with F a field extension of k or vice- versa. 
The category NHom(fc) p of noncommutative homological motives is the pseudo- 
abelian envelope of the quotient category NChow(fc) F /Ker(i/P,,,), where Kei(HP^) 
is the kernel of the functor (10.1). 

As explained in §3.2, the ideal M is the largest <g>-ideal of NChow(/c) F (distinct 
from the entire category). Hence, the inclusion of ®-ideals Ker (HP*) C N gives 
rise to an induced functor 

(10.5) NHom(fc) F — > NNum(/c) F 

Proposition 10.6. Let k be afield of characteristic zero. Then, if the noncommu- 
tative standard conjectures Cnc{A) and Dnc(A) hold for every smooth and proper 
dg category A, the induced functor (10.5) is an equivalence of categories. 

Proof. By Proposition 9.5 the above functor (10.5) is full and (essentially) surjec- 
tive. It remains then to show that it is faithful. Given noncommutative Chow 
motives (A,e) and (B,e') (see §3.1) we need to show that the induced F-linear 
homomorphism 

Hom NChow(fc) F /Kcr(i7R;) ((A e )> i B ' e ')) — > Hom NNum(fe)p ((A, e) , (B, e')) 
is faithful. For this, it suffices to show that the induced F-linear homomorphism 

(10.7) Hom NChow(fe)F/Kcr(7m:) (^l,B) — > HoniNN um (fc) F (A, B) 

is faithful. The categorical dual of A is its opposite dg category A op , and so by 
adjunction, (10.7) identifies with the homomorphism 

Hom NChow(fcWKer(l?P») % A ° P ®k B) >• Hom NNum(fe ) F (k, A° P ®fe B) . 

By the definition of the categories NChow(/c)i? and NNum(fc)f , we observe that 
the above homomorphism identifies with the canonical homomorphism 

(10.8) K (A op ® fe B) F /~ hom ^ K (A op ® k S) F /~ num . 

Finally, since by hypothesis the noncommutative standard conjecture Dnc{A° p <E)B) 
holds, i.e. (10.8) is an isomorphism, we conclude that the homomorphism (10.7) is 
faithful. This achieves the proof. □ 

Proof of Theorem 1.6. Recall from the proof of Theorem 1.4 the construction 
of the following diagram 

NHom t (fc) F sVect(F) Vcct( J F) 

I 

NNum t (fc) F 
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Proposition 10.6 implies that the vertical functor in the above diagram is an equiv- 
alence of categories. As a consequence, we obtain an exact faithful (g)-functor 

(10.9) TTK : NNum^fc)^ — ► Vect(F) . 

Recall from Theorem 1.4 that the category NNum^(i;)f is Tannakian. The above 
functor (10.9) allows us to conclude that NNum^(fc)j? is moreover neutral and so 
the proof is finished. 

11. Motivic Galois groups 

In this section we prove Theorem 1.7. At this point the reader is invited to 
consult Appendix A as we will make full use of all its notions and results. 

Proposition 11.1. Let F be a field of characteristic zero and T = (C,w,T) a 
neutral Tate triple. Let us denote by S the full neutral Tannakian subcategory of 
C generated by the Tate object T . Then, the pseudo-abelian envelope of the orbit 
category C/_®t (see Appendix B) is a neutral Tannakian category and the sequence 
of exact (^-functors S C C — > (C/—$t) induces a group scheme isomorphism 

Gal((C/_ 0T ) h ) ^ Ker(t : Gal(C) -» G m ) . 

Proof. By Theorem A.7(ii) the inclusion S C C gives rise to a surjective group 
homomorphism t : Gal(C) -» Gal(5). Let us denote by H its kernel. Thanks 
to items (i) and (iii) of Theorem A. 7, we have a sequence of exact ®-functors 
5cC^ Rep F (if) inducing a group scheme isomorphism 

Gal(Rep F (if)) Ker(t : Gal(C) ^ Gal(S)) . 

The proof will consist then on showing that the categories Rcp F (H) and {C/-^t)^ 
are <g>-equivalent and that the Galois group Gal(5) agrees with the multiplicative 
group G m . Let us start with the latter claim. The Z-grading w of the Tate triple 
structure implies that the fiber functor uj : C — > Vect(F) factors as follows 

C -^-^ GrVect(^) 



Vect(F) , 

where GrVect(F) denotes the category of finite dimensional Z-graded F-vector 
spaces and U the forgetful functor {V n } ne z >— > ©ngzK- Since the Tate ob- 
ject T is invertible and the functor U is symmetric monoidal, the object uJ(T) 
is also invertible. Moreover, since T is of degree two and the invertible objects 
in GrVcct(F) are one-dimensional, the Z-gradcd F- vector space uj(T) is also of 
degree two and one-dimensional. In particular, EndG r Vect(F)(^('7 1 )) — F- This im- 
plies that the functor u; establishes a (^-equivalence between S and the Tannakian 
category generated by oj(T). The latter category identifies with the subcategory 
GrVect + (F) C GrVcct^) of evenly supported Z-graded F- vector spaces. Via a 
re-numerotation of the indexes, this category is <g>-equivalcnt to GrVect(F). As a 
consequence, the Galois group Gal(iS) (with respect to uj) agrees with the Galois 
group of the Tannakian category GrVect(F) (with respect to U). It is well known 
that the latter Galois group agrees with the multiplicative group G m and so the 
proof of the above claim is finished. 
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Let us now show that the categories Rep F (i?) and (C/_®t)^ are ^-equivalent. 
Since by hypothesis T = (C, w, T) is a Tate triple, Lemma A.6(ii) (with G = Gal(C) 
and Go = H) implies that the quotient functor Q : C — > Rep F (iJ) maps the Tate 
object T to the <8)-unit of Rcp F (H). As a consequence, we have a natural 2- 
isomorphism Qo(- g>T) =>• Q. By the 2-universality property of the orbit category 
C/_0T and the fact that the category Rep F (-ff) is idempotent complete, we obtain 
then an induced symmetric monoidal functor 

(11.2) (CAsr)* —►Rep F (fO. 

Now, recall from [31, Example 2.6] that since (C, w, T) is a Tate triple, the category 
Kep F (H) can be identified with the quotient category C/loq with respect to the 
F- valued fiber functor 

u} :S — > Vect(F) X H- colim„ Hom c ^ l(r), A^j . 

As explained in Definition A. 8, C/wo is the pseudo abelian envelope of a certain 
category C' . Hence, it suffices to show that C/-®t and C are ^-equivalent. By 
construction, they have the same objects. In what concerns their morphisms, by 
arguing as in [31, Prop. 2.3], we conclude that 

n 

Hom c ,(A,y) = colim„ Hony ( 1 , Hom f X ®T®\Y)) 

r— — n 
n 

= colim„ Hom c (A(g)T® r ,y) 

r—~n 

= 0Home(X,Y®T® J ). 

J'GZ 

The latter description agrees with the one of the orbit category C/-®t\ see (B.l) 
with O = T. As a consequence, the above induced functor (11.2) is a (gi-equivalence 
and so the proof is finished. □ 

The notion of Tate triple does not admit an immediate generalization to the 
super- Tannakian setting. Motivated by the standard theory of motives, we never- 
theless introduce the following notion. 

Definition 11.3. A super-Tate triple ST = (C,w,7r^, 7"t) consists of: 

(i) a neutral super- Tannakian category C; 

(ii) a super-fiber functor cj : C — > sVect(F); 



(iii) idempotent endomorphisms tt^ S Ende(A), X G C, such that w(kx) = 71 x> 
where tt^ are the Kunneth projectors; 

(iv) a neutral Tate triple = {C\w,T) on the category C' . Recall from 
Proposition 9.7 that C* is obtained from C by modifying the symmetry 
isomorphism constraints throughout the use of the endomorphisms 7T^. 

Example 11.4. Let k be a field of characteristic zero. If we assume that the standard 
conjectures C{Z) and D(Z) hold for every smooth projective fc-scheme Z, then the 
data 

(Num(fc) fe , si^, 7r± , (NWMfc.u;, Q(l))) 
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is a super- Tate triple. The super-fiber functor sH^ : Num(fc)fc — > sVect(fc) is the 
one associated to de Rham cohomology and (Num^(£;)fc, w, Q(l)) is the neutral Tate 
triple obtained from the one of Example A.5(ii) by extension of scalars along the 
functor — £§q k; see [31, §1]. 

Proposition 11.5. Let F be a field of characteristic zero and ST = (C, w, ir^, T^) 
a super-Tate triple. Let S denote the full neutral super- Tannakian subcategory of C 
generated by the Tate object T . Assume the following conditions: 

(i) The Tate object T is such that 7r^(T) = 0. 

(ii) Let e : [12 — > H be the l*/2-grading induced by the X-grading on the neu- 
tral Tate triple as in Lemma A. 6 (with G — Gal(C^) and Go = H). 
Then, the affine super-group scheme (H, e) is isomorphic to the kernel of 
the induced surjective group homomorphism sGal(C) -» sGal(5). 

(hi) The super- Tannakian category Rep F ((H,e)) of finite dimensional F -valued 
super representations is such that Rep^((£T, e)) ~ Q, where Q ~ Hep F (H) 
is the quotient Tannakian category associated to the inclusion C ; see 
items (ii) and (Hi) of Theorem A. 7. 

Then, the pseudo-abelian envelope of the orbit category C/-®t is a neutral super- 
Tannakian category and the sequence of exact ® -functors S cC-> (C/.^t)'' induces 
a group scheme isomorphism 

sG&l((C/-® T )*) Ker(t : sGal(C) ~» G m ) . 

Proof. By condition (ii), the sequence of exact of 0-functors 5cC^ Rep F ((i?, e)) 
induces a group scheme isomorphism 

sGal(Rep F ((ii, e)) Ker(t : sGal(C) -» sGal(S)) . 

Hence, the proof will consist on showing that the categories Hej> F ((H, e)) and C/-® F 
are ^-equivalent and that the super-Galois group sGal(<S) agrees with G m . Let 
us start with the latter claim. Recall from the proof of Proposition 9.7 that the 
category S' is obtained from <S by modifying its symmetry isomorphism constraints 
cn 1 ,n 2 - The new symmetry isomorphism constraints are given by 

C iV!,JV 2 := c Nt,N 2 ° (ejVi ® EN 2 ) 

where e^r = 2 • 7ri — id n- Since by hypothesis 7r^(T) = we conclude that 
7T^(7V) = for every object N <G S. As a consequence, 7rjy = idjy and so e» = 
id at. The symmetric monoidal category S' is then equal to S. This implies that 
sGal(iS) ~ Gal(<S T ) since the super-fiber functor uj : S — > sVect(F) take values in 
the subcategory sVect + (F) C sVeet(F) of evenly supported super F- vector spaces, 
which via the forgetful functor is <8)-equivalent to Vect(F). As explained in the 
proof of Proposition 11.1, Gal(iS^) ~ G m and so we conclude that sGal(5) ~ G m . 

Let us now show that the categories Rep F ((iJ, e)) and C/_®t are <g)-equivalent. 
As in the Tannakian case, we have a sequence of exact (g>-functors S C C — > 
Rep F ((H, e)) such that the Tate object T is mapped to the g)-unit of Rcp F ((H, e)). 
By the 2-univcrsality property of the orbit category category C/-®t & n d the fact 
that the category Hep F ((H, e)) is idempotent complete, we obtain an induced sym- 
metric monoidal functor 



(11.6) 
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By combining Lemma B.9 (with O = T) with condition (hi), we then obtain an 
induced functor 

(11.7) {C^Urf (C/-®t) W — > RopU(H, e)) Rep F (H) . 

Now, since by hypothesis is a neutral Tate triple, the proof of Proposition 11.1 
shows us that (11.7) is a (^-equivalence. We then conclude that (11.6) is also a 
(^-equivalence and so the proof is finished. □ 

Proof of Theorem 1.7. Let us start by constructing the surjective group homo- 
morphism (1.8). Since by hypothesis k is a field of characteristic zero, Theorem 1.2 
implies that NNum(fc)^ is super- Tannakian. Moreover, since the noncommutative 
standard conjectures Cmc{A) and Djyc(A) hold for every smooth and proper dg 
category A, Proposition 10.6 implies that periodic cyclic homology gives rise to a 
super-fiber functor 

(11.8) HK : NNum(fc) fe — > sVect(fc) . 
Now, recall from (4.5) the following composition 

(11.9) Num(fc) fc Num(fc)fc/-®Q(i) ^> NNum(fc) fe . 

By composing (11.8) with (11.9) we obtain then a well-defined super-fiber functor 
on Num(fc)fe which, as explained in the proof of Theorem 1.3, is given by 

sHT R : Num(fc), — > sVcct(fc) Z -> ( E n dR [Z\ H^Z) 

\n even n odd 

Now, recall from Example 11.4 that since by hypothesis the standard conjectures 
C(Z) and D(Z) hold for every smooth projective /c-scheme Z, we have a super- Tate 
triple 

(Num(fc) fc , S i^,7 E |,(Num t (fc) fc ,«;,Q(l))). 

Let us now show that this super- Tate triple satisfies conditions (i)-(iii) of Propo- 
sition 11.5. In what concerns item (i), the Z-graded fc-vector space H% R (Q(1)) 
is of degree two and one dimensional. This implies that ZEq^) = id(Q>(i) and so 
2Lq(i)(Q(1)) = 0. Item (ii) follows from [12, Example 0.4] and [13, Example 5.4] 
since the Tate triple (NunJ (&:)&, w, Q(l)) can be written as (Rep(G), w, Q(l)) with 
G = Gal(Num^ (fc)fc). In what concerns item (hi), recall from Example A. 5(h) 
that the Z-grading w on Num^(fc)t is induced by the algebraic correspondences 7r^ 
such that Hj R (?£%) = ir^. This implies that the Z/2-grading e agrees with the Z/2- 
grading induced by the algebraic correspondences 7rf such that sH^ r (tt^) — ir^ . As 
a consequence, we conclude that the category Rep((if, e)) is obtained from Kcp(H) 
by modifying its symmetry isomorphism constraints with respect to the Z/2-grading 
induced by the algebraic correspondences ir^. Now, by Proposition 11.5 we obtain 
an induced group isomorphism 

(11.10) sGal((Num(fc)fc/-®Q(i))*) ^ Ker(i : sGal(Num(fc)fc) -» G m ) . 

On the other hand since by construction the category NNuni(fc)^ is idempotent 
complete, the functor Rjy in diagram (11.9) gives rise to a surjective group homo- 
morphism 

sGal(NNum(fc) fc ) -» sGal((Num(/c) fe /_ 8Q(1) ) h ) . 
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By combining it with (11.10) we obtain finally the surjective group homomorphism 

(1.8) of Theorem 1.7. 

Let us now construct the surjective group homomorphism (1.9). We start by 
showing that throughout the modification of the symmetry isomorphism constraints 
of the category NNum(fc)j; (as in Theorem 1.4), the sequence of functors 

Num(fc) fe Num(ft)fcA®Q(i) ^> NNum(fc)fc 
described in diagram (4.5) gives rise to the following sequence 

(11.11) Num t (fe) fc Num t (fc) fe /_ 8Q(1) *H NNum+(fe) fe . 
In order to show this, consider the following diagram 

TTW 

Chow(fc) fe a- Chow(fc) fe /_ (8 Q( 1 ) ^ NChow(fc) fc sVect(fc) 

Chow(fc) Q /Kcr s- (Chow(fc)fc/-®Q(i))/Ker s- NHom(fc)^ sVect(fc) 

Num(fc) fc ^ Num(fe) fe /_ (g) Q( 1 ) ^ NNum(fc) fe > 

where Ker stands for the kernel of the respective composed horizontal functor. As 
explained in the proof of Theorem 1.3, the upper horizontal composition corre- 
sponds to the functor sH^ R ; see (8.8). Since by hypothesis the standard conjecture 
C(Z) (and hence the sign conjecture C + {Z)) holds for all smooth projective k- 
schemes Z, the functors 

Chow(/c) fe /Ker — ► sVcct(fc) Chow(fc) fc /Kcr — > Num(fc) fc 

satisfy the conditions of the general Proposition 9.7. Proposition 9.7 is clearly 
functorial on C and so when applied to the two lower rows of the above commutative 
diagram, gives rise to the following sequence 

(11.12) Num^fc)* — ► (Num(fc) fe /_ 0Q(1) )t — > NNumt(fc) fc . 

By Lemma B.9 (with C = Num(k)k and O = Q(l)), we have a canonical ®- 
equi valence 

Num t (fc) fc /_ 8 Q( 1 ) —t (Num(fc) fe /_ (g) Q( 1 )) t 

and so the above sequence (11.12) reduces to (11.11). Now, recall from Exam- 
ple A. 5(h) that (Num'(fc)i, w, Q(l)) is a neutral Tate triple whose fiber functor is 
induced from the functor H^ R associated to dc Rham cohomology. By Proposi- 
tion 11.1 we obtain then an induced group isomorphism 

(11.13) sGal((NW(fc)fc/-eQ(i))' 1 ) ^ Ker(i : sGal(NW(fc)fc) -» G ro ) . 

On the other hand since the category NNum(fc)fc is idempotent complete, the func- 
tor iJ/v in diagram (11.11) gives rise to a surjective group homomorphism 

sGaKNrW^fc) -» sGal((Num t (fc) fc /_ 8Q(1) )^) . 

By combining it with (11.13) we obtain finally the surjective group homomorphism 

(1.9) of Theorem 1.7. This achieves the proof. 
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Appendix A. Tannakian formalism 

In this appendix wc collect the notions and results of the (super-)Tannakian 
formalism which are used throughout the article. In what follows, F will be a field 
and (C, ®, 1) a A-lincar, abelian, rigid symmetric monoidal category, such that 
Endc(l) ~ F. 

Recall from Deligne [11] that a K -valued fiber functor on C (with K a field 
extension of F) is an exact faithful ®- functor tu : C — > Vect(A) with values in the 
category of finite dimensional K- vector spaces. The category C is called Tannakian 
if it admits a A"-valued fiber functor. It is called neutral Tannakian if it admits 
a F-valucd fiber functor. In this latter case, the fiber functor u> : C — > Vcct(F) 
gives rise to a (^-equivalence between C and the category Rep f (Gal(C)) of finite 
dimensional A-valued representations of the Galois group Gal(C) := Aut ® (a;). 

Theorem A.l. (Deligne's intrinsic characterization [11]) Let F be a field of char- 
acteristic zero. Then, C is Tannakian if and only if the rank rk(7V) := tr(idjv) of 
each one of its objects N is a non-negative integer. 

Following Deligne [12], a K -valued super-fiber functor on C (with K a field ex- 
tension of F) is an exact faithful 0-functor uj : C — >• sVect(A) with values in the 
category of finite dimensional super A-vector spaces. The category C is called 
super- Tannakian if it admits a A- valued super-fiber functor. It is called neutral 
super- Tannakian if it admits a F- valued super-fiber functor. In this latter case, the 
super-fiber functor u : C — > sVect(F) gives rise to a <g>-equivalence between C and 
the category Rep F (sGal(C) , e) of finite dimensional F- valued super-representations 
of the super-Galois group sGal(C) := Aut ® (a;), where e is the parity automorphism 
implementing the super symmetry of cj. 

Theorem A. 2. (Deligne's intrinsic characterization [12]) Let F be a field of char- 
acteristic zero. Then, C is super- Tannakian if and only if is Schur-finite (see §5J. 
If F is moreover algebraically closed, then C is neutral super- Tannakian if and only 
if is Schur-finite. 

A.l. Tate triples, (consult Deligne-Milne [13, §5]) In this subsection, we assume 
that F is of characteristic zero. Let /j, n be the affine group scheme of the n th -roots 
of unity, i.e. the kernel of the n th -power homomorphism G m —> G m . In particular, 
H2 is the affine group scheme dual to the Hopf algebra F[t]/(t 2 — 1). 

Definition A. 3. Let A = Z (rcsp. Z/2) and B the multiplicative group G m (resp. 
fi2)- An A-grading on a Tannakian category C consists of the following data: 

(i) A functorial A-grading on objects X = @X a , compatible with tensor 
products (X ® Y) a = ® a =b+cX b ® Y c ; 

(ii) An A-grading of the identity functor idc, compatible with tensor products; 

(iii) a homomorphism w : B —> Aut® (idc); 

(iv) a central homomorphism B — > Aut ® (u) for every fiber functor ui. 

Definition A. 4. A Tate triple T = (C,w,T) consists of a Tannakian category C, a 
Z-grading w : G m — > Aut ® (idc) (called the weight grading), and an invertible object 
T (called the Tate object) of weight —2. Given an object X e C and an integer n, 
we will write X(n) for X A K -valued fiber functor on T (with K a field 

extension of F) is a A"-valucd fiber functor lu on C endowed with an isomorphism 
u>(T) ~ w(T(l)). If T admits a A-valued fiber functor, then T is called a neutral 
Tate triple. 
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Example A. 5. (i) Let G be an algebraic group scheme endowed with a central 
homomorphism w : <G m — > G and with a homomorphism t : G — > Q m such 
that tow = —2. Let T be the representation of G on F such that g e G 
acts as multiplication by t{g). Then, as explained in [13, Example 5.4], 
T = (Rcp F (G), w, T) is a neutral Tate triple, 
(ii) Let k be a field of characteristic zero. If we assume that the standard 
conjecture C{Z) holds for every smooth projective fc-scheme Z (see §8), 
then T = (Num'fl'jQ^.QIl)) is a Tate triple; see [13, Thm. 6.7]. The 
Z-grading w is given by (Z,p,m)i := (Z, (p o 7T^ n+ ' i )(Z), m), where n 7 ^ 
are algebraic correspondences such that H£ r (tt£) = ir^. The Tannakian 
category Num^(fc)Q is obtained from Num(fc)Q by modifying its symmetry 
isomorphism constraints using the algebraic correspondences 7r^. Moreover, 
if we assume that the standard conjecture D(Z) holds for every smooth 
projective fc-scheme Z (see §10), then de Rham cohomology H£ R give rise 
to a fc- valued fiber functor on T. 

As explained in [13, Prop. 5.5], every Tate triple T = (C,w,T) gives use to a 
central homomorphism w : G m —> Gal(C) and to a homomorphism t : Gal(C) — > G m 
such that t o w = —2. 

Lemma A. 6. Let G be an affine group scheme endowed with a central homomor- 
phism w : G m — > G and with a homorphism t : G — > G m such that tow = —2. 
Consider the kernel Go := Ker(£ : G — > G m ) and the associated Tannakian category 
Rep F (Go). Then, the following four conditions hold: 

(i) The Z- grading on Kep F (G) induces a 1/2-grading e : \ii — > Gq onKep F (Go), 
making it into a 1/2- graded Tannakian category. 

(ii) The inclusion Gq ^ G gives rise to an (essentially) surjective ®-functor 
Q : Rcp^(G) — ► Rcp i? (Go), which maps homogeneous objects of weight n 
to homogeneous objects of weight n (mod 2) and the Tate object T to the 
(Ei-unit 1. 

(iii) The Tate object T becomes an identity object in Rep^(Go), i.e. T ~ T ' ®T ' . 
Moreover, the functor r : Rcp^(Go) — > Repj?(Go) given by X n> X ®T is 
an equivalence of categories. 

(iv) Two homogeneous objects X, Y G Rcp F (G) of weights n and m, respec- 
tively, become isomorphic in Rep F (Go) if and only if m — n = 2t for some 
tel and X(t) ~ Y. 

A. 2. Quotient categories, (consult Milne [32]) 

Theorem A. 7. Let S C C be an inclusion of neutral Tannakian categories with 
Galois groups Gal(cS) and Gal(C). Then, the following four conditions hold: 

(i) There is a quotient neutral Tannakian category Q and an exact ®- functor 
Q : C — > Q such that all objects of Q are subquotients of objects in the 
image of Q. Moreover, the objects of S are precisely those of C which 
become trivial in Q. 

(ii) The inclusion S C C determines a surjective group homomorphism on the 
corresponding Galois groups Gal(C) -» Gal(iS). 

(iii) Let H be the kernel of the homomorphism Gal(C) ^> Gal(tS). Then, there 
is an equivalence of categories Rcp F (£f) ~ Q. 
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(iv) Given an object A 6 C, one denotes by X H the largest subobject of X 
on which H acts trivially. Under this notation, the subcategory S C C 
agrees with the Tannakian subcategory C H C C of those objects X such that 
X H = X. 

Definition A. 8. Let C be a neutral Tannakian category and ujq '■ S — > Vcct(-F') a 
-F-valued fiber functor on a Tannakian subcategory S C T '. Then, the quotient 
category C/ujo is the pscudo-abelian envelope of the category C which as the same 
objects as C and morphisms given by 

Rom c >(X,Y) := cJo( Hom c (X, Y) H ) . 

Here, Hom c (A, Y) stands for the internal Hom-objcct of the symmetric monoidal 
category C and H C Gal(C) for the subgroup described in Theorem A.7(iii). 

Appendix B. Orbit categories 

In this appendix (which is of general interest) we recall the notion of orbit cat- 
egory and describe its behavior with respect to four distinct operations. In what 
follows, F will be a field, (C, <£>, 1) a F-linear, additive, rigid symmetric monoidal 
category, and OeCa ®-invertible object. 

As explained in [35, §7], we can then consider the orbit category C/_®o- It has 
the same objects as C and morphisms given by 

(B.l) Rom c/ _ 90 (X,Y) :=®Homc(X,y®0®'). 

jez 

The composition law is induced by the one on C. By construction, Cf-^o is f-linear, 
additive, rigid symmetric monoidal (see [35, Lemma 7.3]), and comes equipped with 
a canonical projection (g>-functor r : C — > C/-^,q. Moreover, r is endowed with a 
natural 2-isomorphism r o (— <g> O) => r and is 2-universal among all such functors. 

Change of coefficients. Recall from §4 the change-of-coefheients mechanism. 

Lemma B.2. Let K be a field extension of F. Then, the canonical functor 

(C/-® ) ®fK (C ® f K)/-®o 

is a (^-equivalence. 

Proof. The proof follows from the above description (B.l) and from the fact that 
the functor — <E>f K, from F- vector spaces to if- vector spaces, commutes with 
arbitrary sums. □ 

Pseudo-abelian envelope. The pseudo-abelian envelope of C is defined as 
follows: the objects are the pairs (A, e), where X £ C and e is an idempotent of 
the -F-algebra Endc(A), and the morphisms are given by 

Hom cS ((A, e), (Y, e')) := e o Hom c (A, Y) o e' . 

Composition is naturally induced by C. The symmetric monoidal structure on C 
extends natural to by the formula (A, e) <E> (Y, e') := (X ® Y, e (8 e 1 ). 

Lemma B.3. We have a fully-faithful, F -linear, additive, ®-functor 

(B.4) &Uo — ► (CUof (A, e) -> (A, r(e)) . 

Moreover, the induced functor : & — \ {C/^^o)^ factors through (B.4). 
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Proof. The fact that the functor (B.4) is F-linear, additive, and symmetric monoidal 
is clear. Let us then show that it is moreover fully-faithful. Given objects (X, e) 
and (F, e') in C\ we have the following equality 

(B.5) Hom cV _ 80 ((X, e), (F, e')) = e o Hom c (X, F ® 0«M) o (e' ® id ® 3 ) , 

where e (8> ido®j is an idempotent of Y <S> 0®i . On the other hand, we have the 
equality 

(B.6) Hom (c/ _ 8o)S ((X, r(e)), (F, r(e'))) = r(e) o Hom c (X, F ® 0««) o r(e') . 

The composition operation of the orbit category Cj-^o allows us then to conclude 
that (B.5)=(B.6), which implies that the functor (B.4) is fully-faithful. The fact 
that the induced functor factors through (B.4) is by now clear. □ 

Quotients categories. 

Lemma B.7. Let H : Cf—^o T) be a F-linear, additive, ®-functor. Then, we 
obtain a full, F-linear, additive, ®-functor 

(B.8) (C/Ker)/- 9 o — ► (C/-®o)/Kcr(#) X ^ X , 

where Ker denotes the kernel of the composed functor C Cf-^o ~* 25 ■ Moreover, 
the induced functor C / Ker — y (C/_go)/Ker(JJ) factors through (B.8). 

Proof. The fact that the functor (B.8) is .F-linear, additive, and symmetric monoidal 
is clear. In order to show that (B.8) is moreover full, note that every morphism [/] = 
[{/,-} jeZ }] G Hom (c/ _ 8o)/Ker(H )(X,F), with {fj} jez e ® jeZ TSomc(X,Y®0°1) 
admits a a canonical lift given by / = {[/_,]}jez G Hom/c/^-gj-N/^pf, F), with 
{[/j]}jez 6 ® ieZ Hom c/ifer (X,F ® O®*). The fact that the induced functor 
C/Ker — y (C/_®o)/Kcr(77) factors through (B.8) is by now clear. □ 

Change of symmetry. Recall from Proposition 9.7 the general procedure (— )' of 
changing the symmetry isomorphism constraints of a symmetric monoidal category. 

Lemma B.9. Let H : C — > sVect(F) be a F-linear ®-functor with values in the 
category of finite dimensional super F-vector spaces. Lf for every object X G C, the 
Kiinneth projectors n x ■ H(X) -» H ± (X) '—y H(X) can be written as ir x = H(jrt-) 
with n x G Fiiidc(X), then the identity functor is a ^-equivalence 

C — > (C/-®o) . 

Proof. Recall from [35, Lemma 7.3] that the symmetry isomorphism constraints 
cx,y of the category C/-®o are the image of those of C under the projection functor 
r : C — y C/-®o- Similarly, the endomorphisms tt_ x of C/-®o are the image of those of 
C under t. The proof now follows from the fact that the new symmetry isomorphism 
constraints are given by c x Y '■= cx,Y ° (ex <8> ey), with ex — 2 • tt x — id x , and 
from the fact that the projection functor r is symmetric monoidal. □ 
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